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A TANNAKIAN APPROACH TO PATCHING
BASTIAN HAASE, DANIEL KRASHEN, AND MAX LIEBLICH
Abstract. We use Tannakian methods to show that patching for coherent sheaves implies patching
for objects in any Noetherian algebraic stack with affine stabilizers. Among other things, this
gives a straightforward way to prove patching for torsors under linear algebraic groups, as well
as patching for sheaves and torsors on proper algebraic spaces.
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1. Introduction
In this paper, we use Tannakian methods to show that the following holds in all typical
circumstances.
Meta-Theorem. If patching holds for coherent sheaves then it holds for objects in any Noetherian
algebraic stack with affine stabilizers.
Thus, for example, patching holds for principal bundles for linear algebraic groups over
proper schemes. As a consequence, we obtain new contexts to apply methods of field patching,
as well as new Meyer-Vietoris type sequences for étale cohomology groups. This holds for
various types of patching contexts (formal, rigid, field patching, etc.).
The technique of field patching has been exploited in various ways to obtain information
about algebraic structures (particularly torsors for linear algebraic groups) over function fields
of curves over complete discretely valued fields. The question of finding similar techniques to
handle function fields of higher dimensional varieties is still quite open, and of much interest.
The present manuscript provides a relative context in which we can now obtain results in this
direction.
Date: April 28, 2020.
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The methods of this paper break up naturally into two parts. In the first part, we explain
how the Tannakian formalism gives a general context in which one can extend patching re-
sults for coherent sheaves to similar results for objects in any Noetherian algebraic stack with
affine stabilizers, including G-torsors for G a linear algebraic group (Theorem 3.0.1).1 This can
then by applied to obtain new cases of patching for torsors over rings and fields (see Corollar-
ies 3.1.2, 3.1.5 and 3.1.8).
In the second part, we show that patching for coherent sheaves over a base scheme X can
often be extended to patching for coherent sheaves relative to a proper morphism S Ñ X .
Combined with the above results, we then obtain patching results for G-torsors on proper
algebraic spaces over X (see Theorem 4.0.1).
2. Notation and preliminaries
2.1. Generalities on 2-equalizers. In this paper, by 2-category, we will mean what is often
referred to as a strict 2-category, and will follow the definitions of, for example, [Gra74, Sec-
tion I.2.1]. The concept of a (strict) 2-equalizer can both refer to a specific construction in the
2-category of categories, or an object with universal properties in a general 2-category. We will
have use for both and define them below:
Definition 2.1.1 (2-equalizers of morphisms in 2-categories). Let C be a 2-category, and f0, f1 :
A0 Ñ A1 a pair of morphisms in C. A 2-equalizer of the morphisms f0, f1 is
(1) an object A,
(2) a 1-morphism f : AÑ A0, and
(3) a 2-isomorphism α : f1f ùñ f0f
satisfying the following properties:
(1) given any other object B, morphism g : B Ñ A0 and 2-isomorphism β : f1g ùñ f0g,
there is a unique morphism h : B Ñ A such that
A
f // A0
B
h
OO
g
>>⑥⑥⑥⑥⑥⑥⑥
commutes,
(2) in the above setting, the horizontal composition α : f1g “ f1fh ùñ f0fh “ f0g
coincides with β,
(3) given a pair of morphisms g1, g2 : B Ñ A0, 2-isomorphisms βi : f1gi Ñ f0gi, and
corresponding morphisms hi : B Ñ A as above, there is a bijection between natural
transformations γ : h1 Ñ h2 and natural transformations γ
1 : g1 Ñ g2 such that we have
a commutative diagram of natural transformations:
f1g1
f0γ //
αg1

f1g2
αg2

f0g1
f1γ
// f0g2
1It is interesting to note that this is somewhat implicit in [Fal94, lines 22-23, page 358].
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Note that the universal property is very strong, in that the diagrams are required to commute
on the nose, not up to 2-isomorphism. It follows that the 2-equalizer, when it exists, is unique
up to canonical isomorphism.
Definition 2.1.2 (2-equalizers of functors). Let C0
δ1
//
δ0 // C1 be a pair of functors between (1-
)categories. We define the equalizer of δ0 and δ1, written Eqpδ0, δ1q, to be the category whose
objects are pairs pa, φq with a P obpC0q and φ : δ1a Ñ δ0a is an isomorphism, and whose
morphisms pa, φq Ñ pa1, φ1q are morphisms f : aÑ a1 in C0 such that the diagram
δ1a
φ //
δ1f

δ0a
δ0f

δ1a
1
φ1
// δ0a
1
commutes.
It turns out that this is a 2-equalizer in the 2-category of categories, and hence the notation
is (relatively) unambiguous.
Lemma 2.1.3. Let C0
δ1
//
δ0 //
C1 be a pair of functors between (1-)categories. Then Eqpδ0, δ1q is a
2-equalizer of δ0, δ1 in the 2-category of categories.
Proof. Let C “ Eqpδ0, δ1q, and let D be any category. We first need to show that functors F :
D Ñ C are in bijection with pairs pF0, βq, where F0 : D Ñ C0 is a functor, and β : δ1F0 Ñ δ0F0
is a natural isomorphism.
By defnition, a morphism F : D Ñ C gives, for every object d of D, a pair Fd “ pd0, φdq,
where d0 P C0 and φd : δ1d0 Ñ δ0d0 is an isomorphism. Set F0d “ d0, and βd “ φd : δ1F0d Ñ
δ0F0d. For a morphism a : d Ñ d
1, Fa : pF0d, βdq Ñ pF0d
1, βd1q is a morphism in C , and by
definition, this gives a morphism F0a : F0dÑ F0d
1 such that the diagram
δ1F0d
δ1F0a //
βd

δ1F0d
1
βd1

δ0F0d
δ0F0a
// δ0F0d
1
commutes. But this exactly says that β is a natural isomorphism from δ1F0 to δ0F0.
The above shows how to obtain a pair pF0, βq from a morphism F : D Ñ C . For the reverse,
suppose we have a pair F0 : D Ñ C0 and a natural isomorphism β : δ1F0 Ñ δ0F1. Then for
each d in D, we have an isomorphism βd : δ1F0d Ñ δ0F0d, which gives an object pF0d, βdq of
the 2-fiber product of functors C . For a morphism a : dÑ d1, we have a commutative square
δ1F0d
δ1F0a //
βd

δ1F0d
1
βd1

δ0F0d
δ0F0a
// δ0F0d
1,
3
which by definition gives a map to C .
Let G : C Ñ C0 be the canonical morphism, and α : δ1G Ñ δ0G the canonical natural
transformation defined by αpc, φq “ φ.
Now consider a pair of functors F, F 1 : D Ñ C , and corresponding pairs pF0, βq, pF
1
0, β
1q.
We want to show that horizontal composition with α gives a bijection between natural transfor-
mations F Ñ F 1 and natural transformations γ : F0 Ñ F
1
0
such that we have a commutative
diagram
δ1F0
δ1γ //
β

δ1F
1
0
β1

δ0F0
δ0γ
// δ0F
1
0
.
But this follows from the fact that by defintion of α, αF “ β and αF 1 “ β 1. 
Further, we can use this categorical 2-equalizer to express the universal property of 2-
equalizers in general as follows:
Lemma 2.1.4. Suppose that we have a 2-category C, and morphisms f0, f1 P HomCpA0, A1q.
Suppose pA, f, αq is a 2-equalizer of f0, f1. Then for every object B of C, we have an isomorphism
(not just an equivalence!) of categories
HomC pB,Aq Ñ EqpHomCpB,A0q, HomCpB,A1qq
defined on objects by taking h : B Ñ A to pfh, αhq, where αh is the horizontal composition of
α : f1f Ñ f0f with h.
Proof. We note that the fact that the above extends to a fully faithful functor follows from the
previous lemma.
We will illustrate the inverse isomophism on the level of objects. Suppose we have an object in
the equalizer category on the right hand side. This consists of a morphism g : B Ñ A0 together
with an isomorphism of morphisms (a 2-isomorphism) β : f0g ùñ f1g. By definition, this
gives a unique morphism B Ñ A. 
Lemma 2.1.5. Suppose δ0, δ1 : A0 Ñ A1 are a pair of functors between abelian categories. Let
η : AÑ A0 be the 2-equalizer of these functors.
(1) If δ0, δ1 are additive, then η is additive and faithful.
(2) If in addition δ0, δ1 are exact, then η is faithfully exact (i.e. a sequence is short exact in A if
and only if its image in A0 is short exact).
Proof. Suppose δ0, δ1 are additive. For objects a “ pa, φq, a1 “ pa1, φ1q of A, by definition
HomApa, a
1q is the subgroup of HomA0pa, a
1q consisting of those f : a Ñ a1 such that
pφ1qpδ1fq “ pδ0fqpφq. It follows that η is additive and faithful.
Suppose in addition that δ0, δ1 are exact. Given a morphism f : a
1 Ñ a, if we set k, c to be
the kernel and cokernel of ηf in A0, then considering the diagram:
0 // δ1k // δ1a
1
φ1

// δ1a
φ

// δ1c // 0
0 // δ0k // δ0a
1 // δ0a // δ0c // 0
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We find that since the rows are exact (since δ0, δ1 are exact), and the vertical maps are iso-
morphisms, there are unique isomorphisms ψk : δ1k Ñ δ0k and ψc : δ1c Ñ δ0c which make
the diagram commute. One can then check that pk, ψkq and pc, ψcq (together with the above
morphisms) are the kernel and cokernel in A of the map a1 Ñ a. It follows that formation of
kernels and cokernels commutes with η (and hence images as well, viewed as the cokernel of a
kernel). It follows that η is faithfully exact as claimed. 
Remark 2.1.6. As a consequence of Lemma 2.1.5, if δ0, δ1 are both additive exact functors, and
if BÑ A is an additive functor to the 2-equalizer, then it is (faithfully) exact if the associated
functor BÑ A0 is (faithfully) exact.
2.2. 2-equalizers of abelian monoidal categories.
Lemma 2.2.1. If δ0, δ1 : C0 Ñ C1 are monoidal functors between monoidal categories, then
Eqpδ0, δ1q has a canonical monoidal structure given by pa, φq b pa1, φ1q “ pa b a1, φ b φ1q, such
that the map δ : Eqpδ0, δ1q Ñ C0 can be naturally extended to a monoidal functor, and such that
the canonical natural transformation δ1δ Ñ δ0δ is monoidal.
Further, if C0, C1 have a braiding (resp. symmetric braiding), and δ0, δ1 are braided monoidal func-
tors, then Eqpδ0, δ1q has a natural braided (resp. symmetric braided) structure so that the morphism δ
is braided monoidal.
Said another way, the forgetful (2-)functor from monoidal (braided, resp. symmetric) categories
to categories, preserves 2-equalizers.
In order to prove this lemma, we will begin by fixing some language and notation. Following
[EGNO15] when we say that Ci is abelian monoidal (i “ 0, 1) we mean that have a 6-tuple
pCi,b, α, 1i, ℓ
i, riq consisting of additive bifunctors b : Ci ˆ Ci Ñ Ci, “associativity con-
straints,” which are isomorphisms αia,b,c : pab bqb c
„
ÝÑ abpbb cq, natural in a, b, c, unit objects
1i P Ci with isomorphisms ℓ
i
a : 1ibaÑ a, r
i
a : ab 1i Ñ a both natural in a, such that for every
a, b, c, d objects in Ci, we have a commutative pentagon
(1)
ppab bq b cq b d
αi
abb,c,d
++❳❳❳❳
❳❳❳❳
❳❳❳❳
❳❳❳❳
❳❳❳❳
❳❳αi
a,b,c
bidd
ss❢❢❢❢❢
❢❢❢❢
❢❢❢❢
❢❢❢❢
❢❢❢❢
❢
pab pbb cqq b d
αi
a,bbc,d ((PP
PP
PP
PP
PP
PP
pab bq b pc b dq
αi
a,b,cbdvv♥♥♥
♥♥
♥♥
♥♥
♥♥
♥
ab ppbb cq b dq
idabαib,c,d
// a b pbb pcb dqq
and such that for every a, b objects in C, we have a commutative triangle
(2) pa b 1iq b b
αi
a,1i,b //
riabidb &&▼▼
▼▼
▼▼
▼▼
▼▼
ab p1i b bq
idabℓibxxqq
qq
qq
qq
qq
ab b
In this case, we note [EGNO15, Corollary 2.2.5] that we have ℓi
1i
“ ri
1i
, which we denote as
ιi : 1i b 1i Ñ 1i. To say that the functors δi : C0 Ñ C1 are monoidal is to say that we have
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specified pairs pδi, J
iq, where δi is an additive functor, and J
i
a,b : δipaq b δipbq
δ
ÝÑi pa b bq are
isomorphisms, natural in a, b such that for each a, b, c we have a commutative hexagon:
(3)
pδipaq b δipbqq b dipcq
αδipaq,δipbq,δipcq //
Ji
a,b
bidδipcq

δipaq b pδipbq b δipcqq
id
δipaqbJ
i
b,c

δipa b bq b δipcq
Ji
abb,c ((◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
δipaq b δipbb cq
Ji
a,bbcvv♠♠♠
♠♠
♠♠
♠♠
♠♠
♠♠
♠
δippab bq b cq
δipαa,b,cq
// δipab pbb cqq,
and as in [EGNO15, Remark 2.4.6] we require that there is an isomorphism ǫi : 11 Ñ δip10q such
that for every object a in C0, we have commutative squares
11 b δipxq
ℓ1
δipxq //
ǫibidδipxq

δipxq
δip10q b δipxq
Ji
10,x // δip10 b xq
δipℓixq
OO
δipxq b 11
r1
δipxq //
idδipxq
bǫi

δipxq
δipxq b δip10q
Jix,10 // δipxb 10q
δiprixq
OO
(4, 5)
but which we will simply consider as an identification 11 “ δip10q.
We say that ω is a monoidal natural transformation between monoidal functors pf, Jq, pf 1, J 1q
if it is a natural transormation from f to f 1 which commutes with J, J 1 in the sense that we have
a commutative diagram for every a, b:
fpaq b fpbq
Ja,b //
φpaqbφpbq

fpab bq
φpabbq

f 1paq b f 1pbq
J 1
a,b
// f 1pab bq
Proof of Lemma 2.2.1. We define a monoidal structure on Eqpδ0, δ1q by setting pa, φq b pb, ψq “
pab b, “φb ψ”q, where “φb ψ” is defined via the commutative square
(6) δ1pab bq
“φbψ”

δ1paq b δ1pbq
J1
a,boo
φbψ

δ0pab bq δ0paq b δ0pbq.
J0
abb
oo
We claim that the morphisms
αpa,φq,pb,ψq,pc,θq : pa, φq b ppb, ψq b pc, θqq Ñ ppa, φq b pb, ψqq b pc, θq
given by the associativity constraint for C0, which we write as αa,b,c : ab pbb cq Ñ pab bq b c,
constitutes an associativity constraint for Eqpδ0, δ1q. Note that this makes sense as a definition,
6
because δ is a faithful functor – we need only check that this is a valid morphism in the equalizer
category. By definition, we may write
pa, φq b ppb, ψq b pc, θqq “ pa b pbb cq, “φb p“ψ b θ”q”q
ppa, φq b pb, ψqq b pc, θq “ ppab bq b c, “p“φb ψ”q b θ”q
where “φb p“ψ b θ”q” and “p“φb ψ”q b θ” are defined by the diagrams
δ1pab pbb cqq
“φbp“ψbθ”q”

δ1paq b δ1ppbb cqq
J1
a,bbcoo
φbp“ψbθ”q

δ1paq b pδ1pbq b δ1pcqq
φbpψbθq

idδ1paq
bJ1
b,coo
δ0pab pbb cqq δ0paq b δ0pbb cq
J0
a,bbc
oo δ0paq b pδ0pbq b δ0pcqq
idδ0paq
bJ0
b,c
oo
δ1ppab bq b cq
“p“φbψ”qbθ”

δ1pab bq b δ1pcq
δ0pabbqbδ0pcqoo
p“φbψ”qbθ

pδ1paq b δ1pbqq b δ1pcq
pφbψqbθ

J1
a,b
bidδ1pcqoo
δ0ppab bq b cq δ0pab bq b δ0pcq
J0
abb,c
oo pδ0paq b δ0pbqq b δ0pcq
J0
a,b
bidδ0pcq
oo
and we need to check that the proposed associativity constraint induces a morphism in the
equalizer category, which is to say that the following diagram commutes:
δ1pab pbb cqq
δ1pαa,b,cq //
“φbp“ψbθ”q”

δ1ppab bq b cq
“p“φbψ”qbθ”

δ0pab pbb cqq
δ0pαa,b,cq
// δ0ppab bq b cq
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But expanding out the vertical arrows in this diagram, this is equivalent to observing that the
following diagram commutes:
δ1pa b pbb cqq
δ1pαa,b,cq //
“φbp“ψbθ”q”
''
δ1ppab bq b cq
“p“φbψ”qbθ”
ww
δ1paq b pδ1pbb cqq
J1
a,bbc
OO
δ1pab bq b δ1pcq
J1
abb,c
OO
δ1paq b pδ1pbq b δ1pcqq
idδ1paq
bJ1
b,c
OO
φbpψbθq

αδ1paq,δ1pbq,δ1pcq // pδ1paq b δ1pbqq b δ1pcq
J1
a,b
bidδ1pcq
OO
pφbψqbθ

δ0paq b pδ0pbq b δ0pcqq
idδ0paq
bJ0
b,c

αδ0paq,δ0pbq,δ0pcq
// pδ0paq b δ0pbqq b δ0pcq
J0
a,b
bidδ0pcq

δ0paq b δ0pbb cq
J0
a,bbc

δ0pab bq b δ0pcq
J0
abb,c

δ0pa b pbb cqq
δ0pαa,b,cq
// δ0ppab bq b cq
But this diagram commutes since the top and bottom portions are the compatibility hexagons
of Diagram 3 for the monoidal functors pδ1, J
1q and pδ0, J
0q respectively, and the middle square
commutes due to the naturality of α in its three variables.
It follows that Eqpδ0, δ1q has a monoidal structure (note that by convention with units, we are
implicitly identifying 1 P Eqpδ0, δ1q with p10, ǫ
´1
0 ǫ
´1
1 q). The fact that the associativity constraint
satisfies the pentagon condition of diagram 1 follows from the fact that δ is faithful, and it
similarly follows that the left and right unit morphisms satisfy the condition of diagram 2.
We may extend δ : Eqpδ0, δ1q Ñ C0 to a monoidal functor pδ, Jq, by defining Ja,b : δpa, φq b
pb, ψq “ a b b Ñ δppa, φq b pb, ψqq “ a b b to be the identity morphism (and ǫ : 10 Ñ
δp10, ǫ
´1
0 ǫ
´1
1 q “ 10 to also be the identity morphism). The fact that the compatibility hexagon
ensuring that this defines a morphism holds (similarly to diagram 3) is immediate. Finally, the
fact that the canonical natural transformation δ1δ Ñ δ2δ is monoidal follows from the definition
of the monoidal structure as in diagram 6.
If in addition, the categories Ci are given a braiding defined by a natural isomoprhism
C ia,b : ab bÑ bb a, then one can check that C
0 induces isomorphisms
Cpa,φq,pb,ψq : pa, φq b pb, ψq Ñ pb, ψq b pa, φq
provided that δ0, δ1 are braided morphisms (see [EGNO15, Section 8.1] for precise definitions).
Consequently, it again follows quickly from the fact that δ is faithful that δ is a morphism of
braided monoidal categories. Again, by faithfulness, it is easy to see that if the braiding C0 on
C0 is symmetric, i.e. C
0
b,aC
0
a,b “ idabb, then so is the braiding C on Eqpδ0, δ1q. 
Suppose we are given symmetric monoidal categories A,B. Let Funr-Ex,bpA,Bq denote the
category whose objects are right exact symmetric monoidal functors and whose morphisms are
natural isomorphisms.
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Lemma 2.2.2. Let A0,A1 be abelian, symmetric monoidal categories. Suppose we are given functors
d0, d1 P Funr-Ex,bpA0,A1q. Let A be the 2-equalizer of these functors. Then the natural functor
AÑ A0 is in Funr-Ex,bpA,A0q.
Proof. This is an immediate consequence of Lemma 2.1.5. 
Let rExAbSMon denote the 2-category of (small) abelian symmetric monoidal categories
with morphisms being right exact symmetric monoidal functors and 2-morphisms being natural
isomorphisms of functors. Let Ab the 2-category of (small) abelian categories. As a corollary to
the above, we have the following.
Corollary 2.2.3. Suppose that d0, d1 P Funr-Ex,bpA,Bq. Then the 2-equalizer in Ab of these func-
tors is naturally a symmetric monoidal category, and coincides with the 2-equalizer in rExAbSMon.
2.3. Patching with respect to a fibered category.
Definition 2.3.1. Let F Ñ C be a fibered category, and suppose that we have a diagram of
morphisms U‚ in C :
U‚ “
«
U1
d1
//
d0 // U0
ff
Choosing pullbacks d˚i gives us functors (well defined up to natural equivalence)
F pU0q
d˚
1
//
d˚
0 // F pU1q
and we define F pU‚q to be the 2-equalizer of this diagram.
Notation 2.3.2. If U‚ is a diagram as above, we write d : U‚ Ñ U for an object U to mean
a morphism d : U0 Ñ U , such that dd1 “ dd0. We will refer to such a diagram as a patching
context.
Definition 2.3.3. Given d : U‚ Ñ U , we have a functor (well defined up to natural isomorphism)
F pUq Ñ F pU‚q
given by taking an object a of F pUq to pd˚a, d˚
1
d˚a
ι
Ñ d˚
0
d˚aq, where ι is the unique morphism
of F such that we have a commutative diagram:
d˚
1
d˚a //
– $$❏
❏❏
❏❏
❏❏
❏❏
D!–

d˚a
  ❅
❅❅
❅❅
❅❅
❅❅
pdd1q
˚a // a
d˚
0
d˚a //
–
::ttttttttt
d˚a,
>>⑦⑦⑦⑦⑦⑦⑦⑦
we say that patching holds for F with respect to the patching context U‚ Ñ U if F pUq Ñ F pU‚q is
an equivalence of categories.
In particular, we can regard a presheaf over C as a fibered category where each F paq is a
set for a P obpCq (i.e. no nontrivial morhisms). In this case, we note that patching holding for
U‚ Ñ U is the statement that F pUq Ñ F pU0q is the equalizer of δ
˚
0
, δ˚
1
: F pU0q Ñ F pU1q.
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3. Beyond coherent sheaves
In this section, we will show that if patching holds for coherent sheaves on a system of
locally excellent algebraic stacks, then patching also holds for morphisms to any sufficiently
nice algebraic stack.
Theorem 3.0.1. Let X,X1,X2 be locally excellent algebraic stacks, and suppose that we have mor-
phisms X‚ “
«
X1
d1
//
d0 //
X2
ff
and X‚ Ñ X. Suppose further that patching holds for coherent
sheaves with respect to X‚ Ñ X. Let G be a Noetherian algebraic stack with affine stabilizers. Then
patching also holds for Homp_, Gq with respect to X‚ Ñ X.
Corollary 3.0.2. Suppose we are given X‚ Ñ X as in Theorem 3.0.1 for which patching holds for
coherent sheaves. Then for G an affine group scheme over X, we have a 6-term exact sequence:
0 // H0pX, Gq // H0pX0, Gq // H
0pX1, Gq:;
ON
H1pX, Gq // H1pX0, Gq
d˚
0 //
d˚
1
// H1pX1, Gq
where the map H0pX0, Gq Ñ H0pX1, Gq is given by g ÞÑ d˚1pgqd
˚
0pg
´1q. In the case that G is
abelian, this can be interpreted as an exact sequence of abelian groups:
0 // H0pX, Aq // H0pX0, Aq // H
0pX1, Aq:;
ON
H1pX, Aq // H1pX0, Aq // H
1pX1, Aq
Proof. Exactness of the top row is exactly the statement of Theorem 3.0.1 in the case G is the
scheme G. We define the connecting map H0pX1, Gq as follows. For g P H
0pX1, Gq “ GpX1q,
consider G-torsor on X‚ (i.e. the object of BGpX‚q) described by p1, gq, where 1 denotes the
trivial G-torsor on X0, and g is considered as an automorphism of the trivial G-torsor on X1.
By Theorem 3.0.1, this gives a G-torsor on X, well defined up to isomorphism, and hence a
class of H1pX, Gq, which by construction is trivial when restricted to X0. This is the definition
of the connecting map, and why it maps into the pointed kernel. To see that it is the entire
pointed kernel, if P is a G-torsor on Xwhich is trivial over X0, then Theorem 3.0.1 implies that
BGpXq – BGpX‚q, and we have that the image of P in BGpX‚q must have the form p1, gq as
above.
Finally, it is fairly direct to see that the image of H1pX, Gq Ñ H1pX0, Gq lies in the equalizer.
Conversely, suppose that rP s P H1pX0, Gq is in the equalizer of the map to H
1pX1, Gq. In this
case, we may find some isomorphism φ : d˚
1
P Ñ d˚
0
P . But in this case, it is clear that the
G-torsor rP which must exist and map to the object pP, φq, showing exactness of the bottom
row. 
Before giving the proof of Theorem 3.0.1, let us set up a bit of notation. Let G,X be locally
Noetherian algebraic stacks and let CohpGq and CohpXq denote their categories of coherent
sheaves. Note that these are symmetric monoidal categories with respect to the tensor product.
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A morphism f : XÑ G induces a functor
f˚ : CohpGq Ñ CohpXq
Taking a map of algebraic stacks f : XÑ G to f˚, we obtain a functor
Hom pX, Gq Ñ Funr-Ex,bpCohpGq,CohpXqq.
via pullback.
For a fixed algebraic stack G, we define a fibered category Gr-Exb over the category of algebraic
stacks as follows. The objects of Gr-Exb are pairs pX, F q where X is an algebraic stack and F is an
object of Funr-Ex,bpCoh pGq,CohpXqq. A morphism pX
1, F 1q Ñ pX, F q consists of a morphism
f : X1 Ñ X together with a morphism F 1 Ñ f˚F . The association f ÞÑ f˚ gives a morphism of
fibered categories GÑ Gr-Exb , where we write G for the representable fibered category it defines.
In [HR14], Hall and Rydh prove that this morphism is an equivalence under certain conditions:
Theorem 3.0.3 (Theorem 1.1 in [HR14]). Let G be a Noetherian algebraic stack with affine stabi-
lizers. Then, for every locally excellent algebraic stack X, the natural functor
GpXq “ Hom pX, Gq Ñ Funr-Ex,bpCohpGq,CohpXqq “ G
r-Ex
b pXq
is an equivalence.
Proof of Theorem 3.0.1. Since patching holds for coherent sheaves for X‚ Ñ X, we have an
equivalence of categories:
Gr-Exb pXq “ Funr-Ex,bpCohpGq,CohpXqq – Funr-Ex,bpCohpGq,CohpX‚qqq
and by Lemma 2.1.4 we can identify this last category with the 2-equalizer
Eq
´
Funr-Ex,bpCohpGq,CohpX0q //
// Funr-Ex,bpCohpGq,CohpX1qq
¯
But this in turn is by definition the category Gr-Exb pX‚q, showing that patching holds. 
3.1. Examples of patching for coherent sheaves. We will now record, some contexts in which
patching results are known to hold for categories of coherent sheaves, which thereby gives
patching for maps to Noetherian algebraic stacks with affine stabilizers. In each of the following
examples, we will let Coh denote the stack of coherent sheaves.
3.1.1. Formal patching.
Theorem 3.1.1. p[FR70, FR, Prop. 4.2]q Let X be a Noetherian, 1-dimensional scheme, Z Ă X
a finite subset of closed points, U Ă X its open complement. For a closed point ξ P Z , let Xξ “
SpecppOX,ξq, Kξ the fraction field of pOX,ξ, X 1 “šξPZ Xξ and U 1 “šξPZ SpecpKξq. Then patching
holds for coherent sheaves with respect to the patching context
U 1
d1
//
d0 //
X 1 ˆ U
d // X.
Corollary 3.1.2. In the situation of Theorem 3.1.1, patching holds for morphisms to Noetherian stacks
with affine stabilizers. In particular, patching holds for categories of G-torsors for any linear algebraic
group G.
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3.1.2. Thickened formal patching.
Notation 3.1.3. Let T be a complete discrete valuation ring with uniformizer t, and let X be
a proper T -curve with reduced closed fiber X . Let F be the function field of X. Suppose that
P Ă X a finite subset of closed points, such that XzZ is a disjoint union of connected affine
components. Let U be the set of irreducible components of XzZ .
For any connected affine open W Ă X , let RW denote the subring of elements of F which
are regular at every point of W – that is to say
RU “ XxPWOX,x.
Let pRW be the t-adic completion RW . By [HHK13], pRW is a domain, and we let FW denote its
fraction field.
For P P X , a closed point, let pRP be the complete local ring of X at P . Finally, if ℘ is a
height one prime of pRP lying over t pRP , let R℘ be the localization of pRP at ℘ and pRP its ℘-adic
completion (also coinciding with its t-adic completion). We let B denote the set of all such
height one primes ℘. Note that these are the branches of the closed subschemes U Ă X at the
points P P P.
We note (see for example [HHK09, Section 3.1]), that whenever ℘ is a branch along P , there
are natural inclusions of rings pRP Ñ pR℘, and when P is in the closure of a componentW of the
reduced closed fiber, for each branch ℘ along W (i.e., cut out by the ideal defining the closed
set W in X), there is an inclusion pRW Ñ pR℘. Taken together, these give natural mapsś
PPP
pRP //ś℘PB pRP śUPU pRUoo
Theorem 3.1.4. psee [Pri00, Pries, Theorem 3.4]q In the language of Notation 3.1.3, patching holds
for coherent sheaves with respect to the patching context
Spec
´śpPB pR℘¯ d0 //
d1
// Spec
´ś
PPP
pRP¯š Spec´śUPU pRU¯ // X
Proof. This is precisely the statement of [Pri00] with the additional assumption that the schemes
U are affine, which allows us to replace the categories of modules over the formal completions
with the modules over the corresponding complete rings. 
Corollary 3.1.5. In the situation of Theorem 3.1.4, patching holds for morphisms to Noetherian stacks
with affine stabilizers. In particular, patching holds for categories of G-torsors for any linear algebraic
group G.
3.1.3. Field patching.
Theorem 3.1.6. p[HHK15, Prop. 3.9]q In the language of Notation 3.1.3, suppose we are given an
open affine connected subset W Ă X and a finite collection of closed points Q Ă W . Let V be the set
of connected components of W zQ, and let B denote the collection of branches along W at the points
Q P Q. Then patching holds for coherent sheaves with respect to the patching context
Spec p
śpPBF℘q π1 //
π2
// Spec
´ś
QPQ FQ
¯š
Spec p
ś
V PVFV q
// SpecFW
Theorem 3.1.7. p[HHK15, Prop. 3.10]q In the language of Notation 3.1.3, suppose we are given a
proper birational morphism f : Y Ñ X and a closed point P P P. Let V Ă Y be inverse image of P
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in Y , and let rX be the proper transform of X . Suppose that dimpV q “ 1, and that f restricts to an
isomorphism YzV Ñ XztP u. Choose Q a finite collection of closed points P of V including all the
points of V X rX . Let W be the set of connected components of V zP, and let B1 be the set of branches
at the points in P along the components of V . Then patching holds for coherent sheaves with respect
to the patching context
Spec p
śpPB1 F℘q π1 //
π2
// Spec
´ś
QPQ FQ
¯š
Spec p
ś
UPWFUq
// SpecFP
Corollary 3.1.8. In the situation of Theorems 3.1.6 and 3.1.7, patching holds for morphisms to Noe-
therian stacks with affine stabilizers. In particular, patching holds for categories of G-torsors for any
linear algebraic group G defined over FW and FP in the respective contexts.
We note that this was known to hold for groups which were defined over F , the function field
of X, but not necessarily for groups over FW and FP .
4. Relative categories of coherent sheaves
The main result of the section is the following.
Theorem 4.0.1. Suppose we are given morphisms
X1
d0
//
d1 //
X0 Ñ X
of excellent Noetherian schemes such that patching holds for coherent sheaves with respect to X‚ Ñ X .
Let S Ñ X be a proper algebraic space, and let S‚ “ S ˆX X‚ be the associated diagram of spaces
induced by pullback. Then patching holds for coherent sheaves with respect to S‚ Ñ S (and hence it
also holds for morphisms to Noetherian algebraic stacks with affine stabilizers by Theorem 3.0.1).
The proof of this theorem will occupy the remainder of the section.
Lemma 4.0.2. The map S0 Ñ S is faithfully flat.
Proof. By Lemma 2.1.5 and the fact that pullback induces an isomorphism CohpXq „ÝÑ CohpX‚q,
it follows that the pullback map CohpXq Ñ CohpX0q is faithfully exact, which tells us that
X0 Ñ X is faithfully flat. But since S0 Ñ S is obtained from this by pullback, it is also
faithfully flat. 
Lemma 4.0.3. The functor CohpSq Ñ CohpS‚q commutes with the formation of kernels and
cokernels (i.e. is faithfully exact).
Proof. Since S0 Ñ S is faithfully flat, we have that CohpSq Ñ CohpS0q is faithfully exact. The
conclusion follows from Remark 2.1.6. 
Lemma 4.0.4. The functor CohpSq Ñ CohpS‚q is fully faithful.
Proof. Suppose we have coherent sheaves W,V on S. Consider the (additive) group scheme G
on X whose values on T Ñ X are HomOST pWT , VT q. Thinking of this as a stack (with trivial
inertia), Theorem 3.0.1 gives a 2-equalizer diagram (of setoids with abelian group structure)
GpXq // GpX0q //
// GpX1q
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which can be identified with an isomorphism of abelian groups
HomSpW,V q
„
ÝÑ HomS‚pWS‚, VS‚q

Lemma 4.0.5. The essential image of CohpSq Ñ CohpS‚q
(1) is closed under b,
(2) contains the image of CohpX‚q under pullback,
(3) is closed under formation of kernels and cokernels, and
(4) is closed under extensions.
Proof. Part 1 follows from Remark 2.2.1. Part 2 follows from the fact that we have a commutative
diagram
CohpXq //

CohpX0q

//// CohpX1q

CohpSq // CohpS0q //
// CohpS1q.
For part 3, we will consider the case of cokernels (the case of kernels is similar). Suppose we are
given a right exact sequence
F Ñ GÑ C Ñ 0
in CohpS‚q, with F,G in the image of F
1, G1 in CohpSq. Let
F 1 Ñ G1 Ñ C 1 Ñ 0
be right exact in CohpSq (i.e. C 1 is the cokernel in CohpSq). Since CohpSq Ñ CohpS‚q is
faithfully exact (by Lemma 4.0.3), it follows that we have an isomorphism between C and the
image of C 1 showing that C is in the essential image as desired.
Using [Yon54, Thm 3.5] or [Oor64], part 4 follows so long as formation of Ext groups com-
mutes with the functor CohpSq Ñ CohpS‚q. But this follows from the fact that the functor is
fully faithful (and hence preserves the Hom functor) and is faithfully exact (and hence commutes
with the construction of the derived functor). 
Lemma 4.0.6. If S is a projective X-scheme then CohpSq Ñ CohpS‚q is essentially surjective.
Proof. Let V‚ “ pV, φq be an object of CohpS‚q. Let π : S Ñ X be the structure morphism. We
will write π˚ and π
˚ for the standard pushforward and pullback maps, as well as for the natural
functors they induce between the categories CohpS‚q and CohpX‚q.
By tensoring with image of the relatively ample invertible sheaf OSpnq, we can define V‚pnq for
any n P Z. For any such integer n, note that we have a canonical morphism π˚π˚V‚pnq Ñ V‚pnq,
and since the functor CohpS‚q Ñ CohpS0q is faithfully exact by Lemma 4.0.3, it follows that
this is surjective for n " 0. Let K‚ be the kernel of this morphism. Again, for some m " 0, we
have a surjection π˚π˚K‚pmq Ñ K‚pmq. Taken together, this gives a right exact sequence:
π˚π˚K‚pmq Ñ pπ
˚π˚V‚pnqqpmq Ñ V‚pn`mq.
By Lemma 4.0.5(1,2), π˚π˚K‚pmq and pπ
˚π˚V‚pnqqpmq are in the essential image. By Lemma 4.0.4,
the morphism between them is as well, and by Lemma 4.0.5(3), so is their cokernel. Therefore
V‚pn`mq is in the essential image. But since we may tensor with Op´n´mq by Lemma 4.0.5(1)
and stay in the essential image as well, this says that V‚ is in the essential image as claimed. 
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Proof of Theorem 4.0.1. We proceed by Noetherian induction (on S), the case of S “ H being
clear. By Chow’s Lemma [Sta18, Tag 088U], there is a proper birational map θ : rS Ñ S withrS Ñ X a projective morphism. There results a map of diagrams
θ‚ : rS‚ Ñ S‚
and associated functors
pθ‚q
˚ : CohpS‚q Ñ CohprS‚q
and
pθ‚q˚ : CohprS‚q Ñ CohpS‚q
Given an object V‚ P CohpS‚q, there is a canoncal map
V‚ Ñ pθ‚q˚pθ‚q
˚V‚
that is an isomorphism over a dense open subspace of S. By Lemma 4.0.6, there is thus a
coherent sheaf F on rS and a map
s : V‚ Ñ pθ˚F q‚
that is an isomorphism over a dense open of S. The kernel and cokernel of s are supported
over proper closed subspaces of S.
By Lemma 4.0.5(3) and Lemma 4.0.5(4), it suffices to show that kerpsq and cokerpsq lie in the
essential image of CohpSq. But this follows from the Noetherian induction hypothesis. 
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